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Abstract
We have developed an improved three-dimensional (3D) percolation model to investigate the
effect of the alignment of carbon nanotubes (CNTs) on the electrical conductivity of
nanocomposites. In this model, both intrinsic and contact resistances are considered, and a new
method of resistor network recognition that employs periodically connective paths is developed.
This method leads to a reduction in the size effect of the representative cuboid in our Monte
Carlo simulations. With this new technique, we were able to effectively analyze the effects of
the CNT alignment upon the electrical conductivity of nanocomposites. Our model predicted
that the peak value of the conductivity occurs for partially aligned rather than perfectly aligned
CNTs. It has also identified the value of the peak and the corresponding alignment for different
volume fractions of CNTs. Our model works well for both multi-wall CNTs (MWCNTs) and
single-wall CNTs (SWCNTs), and the numerical results show a quantitative agreement with
existing experimental observations.

(Some figures may appear in colour only in the online journal)

1. Introduction

Dispersing carbon nanotubes (CNTs) into insulating polymeric
matrices can result in greatly improved electrical conductivities
[1–14]. These nanocomposites can be used in a variety of
applications; including condition health monitoring, housings
for cell phones and computers, and lightening strike protection
for aircraft. Some applications might call for preferential
electrical conductivity in a particular direction. Therefore, a
number of methods, including force-, magnetic-, and electric-
field induced alignment techniques, are used to align CNTs
individually in thin films or in bulk matrices [15–20]. Recent
experimental and theoretical works reported that the electrical
properties of these composites are greatly influenced by the
orientation of the CNTs in the matrix [18, 21–23]. For instance,
Du et al revealed experimentally [18] that the electrical
conductivity parallel to the alignment direction shows a non-

monotonic dependence on the extent of CNT alignment and
reaches a maximum at a specific orientation. In an attempt to
qualitatively determine the effect of CNT alignment upon the
electrical conductivity of nanocomposites, two-dimensional
(2D) [18], pseudo three-dimensional (3D) (multiple 2D
layers) [22] and 3D models [23] were developed. However,
none of these attempts gives a quantitative comparison between
their simulations and the experimental findings. Most models
ignore the intrinsic CNT resistances, and view all the contact
resistances as being equal [22, 23]. Furthermore, some
simulations [18] have been shown to suffer from finite-size
effects of chosen volume.

In this work we set up a 3D random percolation
network model to investigate the electrical properties of
nanocomposites with aligned CNTs. In this model, both
intrinsic CNT and contact resistances between CNT junctions
are considered. In earlier works (see, e.g., [24–26]),
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periodic boundary conditions were adopted only for CNT
configurations, but were ignored for network recognitions.
These types of simulations do not represent the real system.
This is particularly evident for small representative volume
cells. To overcome these difficulties, we developed a new
method to recognize the connective network, where every
path is ensured to be periodically connected. This method
permits us to perform the simulations using a relatively
small representative volume with greater accuracy. With
these techniques applied in our Monte Carlo simulations,
we were able to fully analyze the electrical conductivity of
nanocomposites containing aligned CNTs.

Following this brief introduction, we describe the Monte
Carlo simulation procedure, the classification of network
resistors and the methods of network recognition in section 2.
In section 3, we describe the features of our new model
and examine the alignment effects for both multi-wall CNTs
(MWCNTs) and single-wall CNTs (SWCNTs). Furthermore,
the predicted electrical conductivities of nano-reinforced
composites are compared with existing experimental data.
Finally, we conclude our findings in section 4.

2. Simulation procedure

Consider a random distribution of CNTs generated in a
representative polymer cuboid of Lx × L y × Lz . As depicted
in figure 1, every CNT in our model can be described by a line
segment. The head point (xi , yi , zi ) of such a line segment
which corresponds to the i th CNT’s head point is generated by

ξi = Lξ × rand (ξ = x, y, z). (1)

Here ‘rand’ denotes some uniformly generated random number
in the interval [0,1]. The length li of the i th CNT follows a
Weibull distribution [27], the cumulative distribution function
of which is F(x) ≡ Prob{li � x} = 1 − e−( x

a )b
for x � 0.

Hence, li can be generated by

li = F−1(rand). (2)

The average CNT length is l = ∫ ∞
0 x dF(x) = a�( 1

b + 1)

where � is the gamma function. The corresponding azimuthal
angle ϕi and the cosine value of polar angle θi are also
uniformly generated within their own ranges, [0, 2π] and
[cos θmax, 1], respectively, namely,

ϕi = 2π×rand, cos θi = (1−cos θmax)×rand+cos θmax.

(3)
Here, θmax is the maximum CNT alignment angle, which is
used to evaluate the extent of alignment. If θmax = π

2 , the CNT
distribution is isotropic in the cuboid. If θmax = 0, all the CNTs
are perfectly aligned.

It should be noted that the end point of the i th CNT,
with the coordinate (xi + li cos θi , yi + li sin θi cos ϕi , zi +
li sin θi sin ϕi), might be located outside the representative
cuboid. In this case, periodic boundary conditions are
applied to simulate a larger system, with randomly dispersed
(figure 2(a)) or aligned (figure 2(b)) CNTs.

There are two types of resistances in such a CNT-
percolating network: the intrinsic resistances of the nanotubes

Figure 1. Head point coordinate (xi , yi , zi ), azimuthal angle ϕi ,
polar angle θi and tube length li are used to describe the
configuration of the i th CNT.

and the contact resistances between interacting nanotubes. The
intrinsic resistance R jk along one CNT between two nearest
contact nodes j and k with neighboring CNTs can be evaluated
as

R jk = 4l jk

πσCNT D2
, (4)

where l jk is the length of the CNT between the nodes j
and k, σCNT is the intrinsic electrical conductivity, and D is
the diameter of the CNT. The contact resistance Rcontact is
caused by the electron ballistic tunneling through the contact
junction, which can be approximated by the Landauer–Büttiker
formula [28–32], such that

Rcontact = h

2e2

1

MT
. (5)

Here M is the total number of conduction channels and
h

2e2 ≈ 12.9054 k� (where e is the electron charge and
h = 2π h̄ is Planck’s constant) is the quantized resistance
(spin degeneracy included). Equation (5) indicates that the
contact resistance of MWCNTs is much smaller than that of
SWCNTs because the total number of conductive channels
of the former is usually much greater than the latter. The
symbol T denotes a transmission probability for the electron
to tunnel through the polymer obstacle between CNTs, which
can be estimated by solving the Schrödinger equation with a
rectangular potential barrier or from the Wentzel–Kramers–
Brillouin (WKB) approximation [33, 34],

T =

⎧
⎪⎪⎨

⎪⎪⎩

exp

(

− dvdW

dtunnel

)

0 � d � D + dvdW

exp

(

−d − D

dtunnel

)

D + dvdW < d � D + dcutoff

(6)
dtunnel = h̄/

√
8me	E. (7)

In the above expression, d is the minimum distance between
the axes of two CNTs, where electron tunneling is most likely
to occur. However, the separation between two CNTs should
be no less than the van der Waals separation distance dvdW due
to the Pauli exclusion principle [35, 36]. This is accomplished
by calculating the minimum distance d between each pair of
the line segments [37]; if d is less than D + dvdW, d will
be replaced by D + dvdW. In equation (7), the symbol dtunnel
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Figure 2. Schematics of (a) uniformly distributed and (b) aligned CNTs of different lengths in a cuboid with assumed periodic boundary.

denotes the tunneling characteristic length, me is the electron
mass and 	E is the height of the barrier (i.e. the difference in
the work functions between the CNT and the polymer). In our
model, the transmission probability T � exp(−dvdW/dtunnel),
since there always exists a polymer film thicker than the van
der Waals separation distance dvdW. The tunneling effects are
ignored if the polymer thickness between two CNTs is larger
than the cutoff distance dcutoff.

In most previous works [24–26, 38] the percolation
threshold and the electrical conductivity were evaluated by
recognizing the connective percolating network linking two
opposite faces of a single representative cuboid (figure 3(a)).
Following the algorithms of these earlier works, the electrical
current cannot always propagate periodically (cf figures 3(a)
and (b)), although periodic boundary conditions for CNT
configurations were enforced. To eliminate these unexpected
anomalies, we developed an improved network recognition
approach. In this improved approach, the continuity of the
network is determined in terms of periodically connective
paths. Figures 3(c) and (d) show this idea in a 2D case.
For example, a periodically connective path along the x-axis
(denoted by red lines embedded in the black lines representing
CNTs) is required to start from the left boundary and ends
at the right boundary with exactly the same y-coordinate so
that the electrical current can be periodically conducted in this
system. The top and bottom y-boundaries can be viewed as
being identical, which permits the passage of the electrical
current along one y-boundary and flows back into the cuboid
through another y-boundary. As shown in figure 3(e), the 2D
plot can be rolled to form a basic element of an equivalent
network that would allow one-dimensional (1D) transport of
current. In our investigation, this technique was generalized to
the 3D network. With this technique, a periodically connective
network (if it exists) is constructed based on the periodic CNT
configurations. The most important advantage of this approach
is that it reduces the simulation discrepancy that results from
the need to use different cuboid sizes.

After the resistor network has been developed, the
Dulmage–Mendelsohn decomposition method [39] is applied

to eliminate those resistors that do not participate in conducting
the current flow. The total resistivity of the percolating
network can be obtained from the positive semi-definite matrix
equations representing Kirchhoff’s circuit laws [40–43]. A
Cholesky decomposition algorithm for sparse matrices [43, 44]
is employed to solve these equations.

3. Results and discussions

In our simulations, the van der Waals separation distance is
chosen to be dvdW = 3.4 Å [36]. Several experiments reported
that the intrinsic conductivity σCNT ranges from 5 × 103 to
5 × 106 S m−1 for MWCNTs [45, 46] and from 17 to 2 ×
107 S m−1 for SWCNTs [47, 48]. For metallic SWCNTs the
energy band is expected to be doubly degenerate with a channel
number M = 2 [30]. However, MWCNTs possess a much
larger multichannel number M ranging from 460 to 490 [49].
The cutoff distance dcutoff = 1.4 nm, which is larger than the
distance at which the transmission probability is ensured to be
less than 10−6 for 	E from 1 to 5 eV. In this case, tunneling
effects can be ignored.

3.1. Model validation with randomly distributed CNTs

To determine the validity of the cuboid size in our simulation
and to compare our results with the experimental results
[50, 51], the following parameters were selected: D = 50 nm,
M = 460 and 	E = 1 eV. In addition, the parameters
in the Weibull distribution were set to: a = 5.6403 μm
and b = 2.4 [27], which results in an average CNT length
l = 5 μm.

The existing simulation results in the literature show a
great dependence on the size of the representative cuboid. In
order to reduce the size effect to within an acceptable error
limit, the size of the cuboid in the simulation must be several
times the average CNT length. For instance, Hu et al [50]
adopted a cuboid of 25 μm × 25 μm × 25 μm for 5 μm
long CNTs to get convergent results. To demonstrate the
effectiveness of our model in reducing the size effect, we
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Figure 3. Schematic diagrams of percolating path (red lines) recognition among periodically distributed CNTs (black lines) with different
viewpoints: (a) the network consists of paths simply linking two boundaries; (b) the network recognized in (a) cannot conduct a periodic
current flow; (c) the network is developed in terms of periodically connective paths; (d) current flow can periodically transport in the network
recognized in (c); and (e) development of an equivalent network through the rolling of the edges.

used three different cubes of lateral lengths 5.5 μm, 7.5 μm
and 10 μm for a nominal CNT of length 5 μm, respectively.
The 5.5 μm cuboid was selected as a minimum to avoid the
possibility of a single CNT intersecting with the boundary
too many times and forming a conducting network. To
allow comparison, the CNTs are assumed to be isotropically
distributed in the matrix so that the maximum CNT alignment
angle θmax = π

2 . In figure 4(a), the calculated conductivities
for the three cubes show only marginal differences (less than
0.1 S m−1 near percolation threshold). Hence, our approach
is almost independent of the representative volume size. On

the other hand, as shown in figure 4(b), the computational
efficiency of the simulations is greatly accelerated if a smaller
cuboid with the edge size slightly larger than the average
CNT length is adopted. This improved network recognition
approach, as described in section 2, allows us to perform the
simulations using a relatively small cuboid, while retaining the
desired numerical accuracy.

To reduce the computational burden, the electrical
conductivity depicted in figure 5 was calculated using a
representative cube of lateral size 5.5 μm. To compare with the
experimental data [51, 50], three representative values of σCNT
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Figure 4. (a) Numerical convergence of representative cubes of
different sizes. The conductivity is in the log10 plot in the inset.
(b) Comparison of the computational costs of different representative
cubes.

were selected, from 5 × 103 S m−1 to 2 × 104 S m−1, in the
statistical simulations. Our numerical predictions show good
agreement with the experimental results. Our model predicts
that the critical percolation threshold is around 1% volume
fraction. Unlike earlier works on lattice percolation [52], the
continuum percolation model of the CNT network developed
in this study accounts for tunneling effects [53]. Though the
conductivity might be negligible, the network can always be
connected if the cutoff tunneling distance is sufficiently large.
Therefore, the percolation threshold in our model cannot be
accurately defined by the critical volume fraction at which
the first connective path occurs as in the lattice percolation
model. It is also worth noting that for 	E = 1 eV and
	E = 5 eV with transmission probability T � 0.0307 and
T � 4.139 × 10−4, respectively, the typical contact resistance
for MWCNTs (M = 460–490 [49]) is approximately 103–
104 �. This indicates that the MWCNT contact resistance
is much less than its intrinsic resistance (105–106 �). In
this case, the tunneling effects are not significant. In fact,

Figure 5. Comparison of electrical conductivity with existing
experimental data [50, 51].

Figure 6. Prediction of electrical conductivity along the alignment
direction versus maximum CNT alignment angle θmax. The geometry
of the CNT is the same as in figure 4 with σCNT = 1 × 104 S m−1.

our predictions agree with the experimental findings and the
resistor network model of Hu et al [25] which is only based on
intrinsic resistances.

3.2. Effects of CNT alignment and comparison with
experiments

In this subsection the effects of CNT alignment on
the electrical conductivities of the nanocomposites are
investigated. The parameters of the MWCNTs are the same
as those outlined in figure 4. The calculated conductivities
versus CNT alignment for different volume fractions are shown
in figure 6. The main features that can be taken from
this figure can be summarized as follows. The electrical
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conductivity exhibits a peak value with the change in the CNT
alignment for every fixed volume fraction. This peak value is
significantly greater than that of perfectly aligned CNTs. It
is also larger than that of randomly distributed CNTs. This
feature can be explained by the fact that when the CNTs
are perfectly or highly aligned (θmax = 0 or small θmax),
they are almost parallel and connective paths are less likely
to be formed, especially for CNTs with high aspect ratios
and low volume fractions. With increasing θmax from zero,
more CNTs are off alignment and begin building a connective
percolation network that leads to a sharp transition in the
conductivity. However, upon further increasing the isotropic
(random) dispersion (increasing θmax), more contact junctions
and longer connective paths come into being and sacrifice the
conductivity along the preferential alignment axis. This feature
implies that the electrical conductivity can be maximized along
a desired axis, if CNTs are dispersed into the matrix with an
optimal orientation, denoted by θ

opt
max. The short dash line in

figure 6 shows that this optimal orientation θ
opt
max decreases with

increased volume fraction.
These features are in qualitative agreement with the

experimental results of Du et al [18]. Furthermore, our
theoretical model can be used to make a quantitative
comparison with Du et al’s experimental data for SWCNTs.
In our Monte Carlo simulations, the geometrical properties of
the CNTs are chosen such that l = 0.31 μm [18] (b = 2.4
in the Weibull distribution [27]), and D = 6.9 nm [18].
The parameters M = 2 [30] and 	E = 5 eV [54–56] are
adopted to evaluate the contact resistance between SWCNTs.
In Du et al’s work [18], the degrees of CNT alignment satisfy
the Lorentz distribution which is characterized by the full
width at half maximum (FWHM). In our calculations, we
approximate the Lorentz function as being uniform in the
range [−θmax, θmax], and obtain the relationship FWHM =
2θmax. Whenever the original data are given in terms of weight
fraction (wt%), we converted them to volume fraction (vol%)
by the relationship wt% = vol% for SWCNTs [12].

It is shown in figure 7 that if we choose σCNT =
1 × 102 S m−1, the numerical results agree well with the
experimental data of Du et al for the 2% and 3% volume
fractions. It should be noted that the electrical properties
for an individual CNT are dependent on its diameter and
chirality [57–60]. In a polymer matrix containing dispersed
nanotubes, the intrinsic conductivities of these CNTs are also
impacted by electron scattering from the polymer molecular
chains. The molecular chains are dependent on the type
of polymer considered and the way it is fabricated [11].
Accordingly, it is quite complex to experimentally determine
the exact value of σCNT, but it is reasonable to set σCNT as a
parameter in our model. Although our selection of the intrinsic
conductivity σCNT = 1 × 102 S m−1 is relatively low among
experimentally observed values that varied from 17 to 2 ×
107 S m−1 for individual SWCNTs, it is within an acceptable
range that is commonly adopted in the literature [47, 48].
This indicates that the intrinsic and contact resistances for
SWCNTs (M = 2) alternating in this percolating network
have the same magnitude of 107 �. Hence, these two types
of resistances contributed (approximately) equally to the total

Figure 7. Comparison of predicted electrical conductivity versus
alignment with the experimental findings of Du et al [18].

electrical conductivity of this SWCNT-based nanocomposite.
This partially explains the reasons why the model of White
et al [23], with no intrinsic resistances, could only compare
with the work of Du et al qualitatively but not quantitatively.

In the current work, we approximated the geometry of
CNTs as straight to obtain the baseline knowledge of the
effect of their alignment upon the electrical conductivity of
nanocomposites. Indeed, CNTs are flexible and can be curved.
However, due to the enormous variability of CNT shapes and
geometries and our desire to obtain this baseline knowledge,
this effect was ignored in the current work. However, these
effects can be accommodated in our current model.

Finally, our study shows that the alignment has a
similar effect on the electrical conductivity of the bulk
nanocomposites with SWCNT and MWCNT fillers; i.e. the
resulting conductivity exhibits a peak value with the change
in orientation of the CNT. This feature can be explained as
follows:

(i) Parallel or almost parallel CNTs are less likely to form a
connective path due to the high aspect ratio of CNTs and
their inability to overlap. In this situation, increasing the
volume fraction will lead to an increase in the percolation
probability. In addition, our studies show that the effect
of volume fraction at zero or near-zero alignment is not as
effective as the misalignment.

(ii) Increasing the isotropic dispersion or reducing the
alignment extent will lead to the growth of the connective
path length.

These two mechanisms ((i) and (ii)) result in the existence
of an alignment orientation for maximum conductivity.

4. Conclusions

We simulated the electrical properties of bulk nanocomposites
with aligned CNTs. Compared with existing percolation
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models, our effort is characterized by two major improve-
ments: (i) it accounts for both contact and intrinsic resistances,
and (ii) it applies a new method to effectively recognize
the connective network, where all periodically connective
paths are identified. Simulation predictions demonstrate the
effectiveness of the new approach with regard to reduction in
the size effect, while retaining the desired numerical accuracy.
With these two improvements applied in our Monte Carlo sim-
ulations, we found that the highest conductivity occurs when
CNTs are partially aligned rather than perfectly or randomly
(i.e. isotropically) aligned. We also predicted that this optimal
orientation approaches the isotropic case with the decrease in
the concentration of the CNTs. Our calculated results showed
good agreement with the experimental data. This leads us
to believe that our model can be used as a predictive tool to
design the CNT concentration and orientation to maximize the
electrical conductivity in polymer nanocomposites. It is also
worth noting that our model is not limited to CNTs, but can
be generally applied to a wider range of percolating transport
in networks, nanocomposites and field transistors with 1D
conductive fillers, such as nanotubes, nanowires, and nanorods.
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